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LETTER OF TRANSMITTAL. 


DkPAKTMKNT of TIIK IxTKitlOK, 

BniEAti OF Education, ^ 
Washinr/fon, October J I ^ 1919. 

Sin/One^f tliu of the Conimis.sioa on the Reof'gani- 

zationlof Socoiularv Education, appointed b}’ the National Educa- ' 
tioii -/fcsociation, a ml sevoral of whose rcpoi*ts this bureau has ; 
already published in the form of bulletins^ uiulortook the study of , 
matheiuatics in the liigh schools. As stated by tliis committee in the 
iutro<liiction to this report and l)v the chairman of the comuiission 
in tlie preface, tlie committee found itself unable to make final rccom- 
inendations in regard to the reconstruction of the conrse^pf study in 
tliis subject in tlie high schools. Tlie committee has, therefore, con- 
fined its work to a preliminary^ report, preseiTting an analysis of the 
subject, and raising certain fundamental questions which must be 
answered before the reconstruction desired can l>c undertaken intelli- 
gently and with any certainty of satisfactory success. 

I am transmitting this i)foliniinary report for j)ubIication os a 
l)ulletin of the Bureau of Fiducation, in order that itj tliis form it 
may ho accessible to students of education, teachers of inatheinnticSi 
and directors of mathematics teaching in high schools. It is ex- 
pected that it will give rise to such discussion and experimentini^ 
as will enable other committees to carry forward the work of Ae 
point of definite recoustriiction of coui*ses of .study in tliis subject 
for the .severaF classes of high -school pupils. , 

Kesjioctfully submitted. 

r, P. Claxton, 

. CommisBioni:r. 

The Secret .\KT of the Ixteuior. 
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TIk* (\)iiinii>-;l(jn nil till' lu'orgiiniziuion of .^iromnirv iMliiciitioii 
fiiuls itself '(.•onfrontod witli pioi)]('ins\of jiivut. ilidiciiKy in mioin- 
i»omlin<: !i mjrgimizafion of tiu; niiitlu'iiiaticiil studios of the seo- 
ondiu v soliool. Antooedont to now c.oiirsos, tiioro slioiild be an agroo- 
_inont among psy'diologists and educators siu li as lias not ycf boon 
reacliod. It seems, tlicrcfore, tliat tlio best service that tlic "ooniinis- 
sion yan at this time render is to ])i esent an analysis of (bo sitimtioif. 
This report, theroforo, is snbinittod primarily for tlio purpose of 
stiimilating discussion. It is hoped that the practical suggestions 
will also servo to direct experimonlation in planning new courses for 
secondarv -■(•hool students of . the various types hero recognized. 

Cn.MtKNeti D. KiNusu.r. 

U hmrmpn of the i.'o?n7)iission. 
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>[AT[IKMATI(S KDUCATfON. 


1. 'Tt is Inking insistiMl ns iu*\cr Ih'Tou* tlmt on(*li stibjiTt nnd oarh 
item in tin* snl)j(>et jtistifv itself:. or, nei^itiveiy, that /lo siii>jed or 
item Ite retaineti in an/ rmTiriilnm imle^" its value, vi<»\veil in nda- 
tion to f)llier topics and to Onu* iiivolxcd, eau l>e made ronsonably 
prohabh'. No ionjicr sliotdd tiu* forc<- of Iraditiou sliield any sul>- 
jeet 'from tlii^ scr.utiny. A Indter insijLdit into the conditions of social 
welfare, and the many clnm^^'S ainon^ t!ies(' conditions, alike make 
inhemtlly prohahlc a (liiremil einphasi> upon materials in tin- 
cmTictduin, ,if not a dilferent selection ol actmd 'subject matter. 
This calls foi^ a review and revaluation, jii particular, all our 
older stiulie.s, mathemalio not least., 

2. Moreover, a ^rytwin^ M-iehce of education comr to^phuc 

appiecinbly ditferent \alues u])on eertaiti p>ycho!o^ical in 

volved, chief •among which is tied relatin^^U-* '• nientol ili'^idpliiie.” 

/ No one indirsive fonnitlation of the i>Klor position (am he ai^U'Uvh< 
yet on the whole tlune was mce|>t.anc() of the faiailt^' ' l>"v'tJmlogy 
with an uncritical beliet in the |>ossil>iIitv of a gOod-for-irll training 
of file several faculties." To the extremist ol' this school the 
** fttcnlty of reasniing/' for example, conld be trained am any ma- 
terial where reason ingwifs involved (tiie more evident- (he ix^soiiing, 
the. better the training), ami any faciiilx of reasoning gained in tlmt 
partienhi^' activity, conld, it was thought , 1m* accordiiigly/diivcted at 
will with little loss of etFeetivemess to any i^tber situation wUeiv 
good reasoning was desired. In prolmbly no study did tliis older 
doctrine of 'dncntal (hseipline" iind larger s(*ope than in mathe- 
iimtic^s, ill Arithmetic to an appreciable exteivl, more in algebra, mod- 
of 'all in geoinotry. . * 

With the srientific scrutiny of the comiilions muler^\%ir|t '' tran*;:- 
fer” of training .take-^ place, the nujuiry grows ('ontinuallv inoru 
iiLsi.stcait us to whethei* tair inuthcn'mtical course.^ shotdd coidinne nn- 
oluuigod, now^ that so much of their older •justification has heon 
modified.. Possibly both pwrposi’ and content iieedAo bo (*lniil|rycl. 

:J, YoI another denpiiul for reconstruction is found" in the now, 
generally ucceptyd Indief that not all IngU-sclfbtd pupils should tUke 
the Asaine studies, The fact of iimrked iiidividua! .differences has 
been si'icntifically cstablislied. . The ^principles of adaptation to such 
iB<livjdunl differei ices, that is, to individnar needs and capacities, is 
now widely accepted in the higli schools of Americ a. The exception 
% calls for serntinv. TmditioiiiiUy, algebra and geometry have, been 
reejuired for gr^diiutioii. Is this necessary V advisable? h\ tins 
• ■ glowing prac^e of differentiatfon.amL adaptation we. have Uicn a 
; ' third reaa>n .WS4it least reconsidering th^ customary umtlieffiatics 


epuyses. ^ ^ . 

g ,4. A^deuiaifd for reemsideration well, wortlij' oif opt* atteutjpn is ^ ‘ 


i insistent qiie.<,tion wheUicr a content cho^n to fiirnlshf 
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proViu-iitioii for fiirtlior Init ivinoir ^tiuly dors iiece^sni ily or . voii 
piobubly inrliide tlu' wisrst selection of knowledge iiseftd for-tlio-e 
who do not miVi that advanced sta^o. of study. AVliether all >boidd 
learn liivt (lie more assuredly nsefill tojiies, or whether al(ernativ»‘ 
courses should lie otfered, aie proper subjects of iiKiuiry. In either 
event we liiid in this coiisiileration a fourth reason for stndving anew 
the. otforiiigs of onr high-schoi^l matlieniatics. > 

A'fifth reason for reconsideration is found in the p'rol.lein of 
method. Educators are studying now with new. zeal the proper pres- 
entation of subject matter in all school work. Should not (his study 
e.\-t.end to .secoiidary inatlieinatio.s? Have we arranged the subject 
matter of that lield in the best form for apjiropriation t flight if 
<‘\<‘n be ixissible that matbcmatics .sliould he reorganized iu a way to 
run across . ustomary liiu's of division r~()r niiglit this be true of 
some parts ;»f luathematics for some groups of pu|)ils and not lie true 
of all { The proper answers to such f|uostions are not at once evident, 
but certainly there is enough point- in the iihpiiry to add a fiftli 
reason for our proposed investigation. ^ 

m. ANALYSIS OF THE SITILVTION. 

1. 1 /i> i>robli)ii of jirc-iriifdfioi). — Ear-reaching dilferenceiy^of 
method carry with them widely ditferent organizations of snlL>ct 
matter, especially in introductory courses. From this coirsideration. 
at least, (here are certain advantages in discussing as the lirst faetoii 
in the situation the itroblein of presentation. 

The trailitional school method has been (hat based upon the ‘‘ lexi- 
cal ’’ arrangement of subject matter. Thus our fathers studied 
English grammar, before (hey took np composition, (he “science” 
being •• logical I3,” anterior to-the “art.’’ . Tlie .science, in this ease 
grnnmiar, begiin wUh a definition of it.self ami the analysis of the 
subject into its four* principal ilivisions. Then came the definitions 
of (he •• parts.of speech.’’ It was a long— and generally dreary— road 
^before the pupil could see any bearing of what ho learned upon uny- 
thing else. • .\t length,' after .toilsome niemorizing, there appeared - 
'ffithin tho .subject itself a new variety of mental gymuastics which 
called forth from some a certain show of .activityr In the endjthe 
^mrvivors caught some glimpse of what it had all been about. Ihit 
when they took up' the “art” of composition, the “science” proved 
of small assistance. Somehow tlieV‘art”'had tp be learned ns if it 
alone facecKhe actual demand, • 

From an implicit reliance npoiithis “logical’’ arrangement there 
has oome a revolt, not yet iii^cr.sal, but still niimistnknbly at hand. 
The demand has now become insistent that in arranging subject’ 
inaHer for leargiog, consiOTifetion «be giv^, ndt >40 ‘f logic ” 

jy wnceiyed, bi|t to ecoiaonty jja li^rning.an^ ^tqtive cok- ' 


foiroe 
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tix)l of subject matter. This reversal of inefhodj coupled a dis- 
trust of tile theory of discipline, has thu«( not only i‘educed grammar 
to a small fraction of Its former self, but has. Ix‘sides. gretiMv re- 
0 arranged and i-owritten the stn^y. 

^ 'Keeping before us the demand for economy in h'aniijig and etfee- 
ti^ control of subject matter, ^rlmt laui we say about inotiuKrf How 
doi'S learning in fact take plaie^ (1) Repetition is a factor, in 
learning known to all. (li) An incln.-ivc ‘’set** which sluill predis 
po.se the attention, focus available iniU‘r resource^, and .secure n‘pe- 
tition i^> a neev-sarv condition less cojumonly considered. (iS) Tlie 
cffect of accompanying satisfacti<»n to foster liabit formation is a 
.thir^ factor to b(f imfed.^ These* thvta* factors are n(*ce>sarv. then, to 
adei|uat<‘ consideration of the |>robleiu of method. It accords witli 
^hesc considerations aiuKwith undisputed ohs*,‘i \ alum that, other 
things being equal,' any item is more readily learned if its bearing 
and need iwv deHnitoly recognized. The felt need pivdisposes at- 
tention, ealls into play actes.soiy mental resomve>, and in pi*o|>ortion 
to its strength sectires the necessary ro))etition. As the need met, 
satisfactioti ensues. All factoi*s thus loopcrati*. to fix in place t he ' 
new item of knowledge. The cdemonl. <»f fell n(*ed tlnis secures Jiol 
OTily the learning of the new item, b'ut it has at the same time called 
into play tlie allied intellectual losources so that now ami old are 
welded together in effective organization with refei'ence to the need 
which originally motivated the process? * -* ' 

IiC5t some should fear that by need is lier(»^neant a mere '*brea<i 
and*hutter demaqdj’* the coiihuittee hastens to say that it is psycho- ' 
logfc and not economic neerl which acts as the factor in learning*. 
Economic need may indeed ho felt; and, if so, may then j^rve to m~* 
fluence learnhig:d)Ut there is tiolhing in the foregoing argtimont to 
(Jeny that a purely ‘'theoretic" interest might not be as potent as 
any other to bring about the learning and organizaticth />f subject 
. matter. - • ^ 

To speak of the l»earing aiid n<*ed (»f any new material is to imply 
. the presence and functioning of uli'eady existent purposes ahd in- 
terests. From this cxinsideration thus related to the foregoing the 
committee believwHthnt, s|>eaking generally, introductory’ mathe- 
matics — or(\inarily concei-\1‘d as separate coui'sen in algebra, geome- 
lr}», and trigonometry — should be given in connection witfc the 
; solving of ])rohlem.s and the executing of pi'ojects in fields whete the 
T -pupils alivatljjiJiavo lK)th knowledge and interest. This would make 
>t1ie study of mathematics more nearly approximate a laboratory 
course, ixi which individual diffei*ences -could be considered and^.tlle 
devij^ of supervised study bo utilized. The.miniinum of 


^ ^ The bchtTloritt liijvhoioilvt h; eeSntUon r«|ect« ^ «BhJcdiT« eoamMattoa «f T •htto* 
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the course might well in this* way be cai'cd for in the recitation 
period, reserving the outside work rather for allied i)n)jects and 
problems in which individual inten•st^s and cMpacitierj were promi- 
nent factoi-s. ' . . * 

The significant eleiiM?nt .in this c<*iu‘ejUi<m tho mihzation of 
icieas and interests already preMMit with the pupils as ;i milicir 
within wliiclt the mathematical coiueption or })roci*>s to be taught 
finds a natural setting, and frmu which a lurd to Use the coiKvption 
or process can as n consoqiienee l»c easily developed. Whore this 
state of affairs exists, the In^aring aiid fell no4‘d utilize tlie law.<s «f 
learning as was jiiscnssed and tiw timl hemal iral Ivimwlodgo or 

^kill is fixed in a nmanor <listinctly eeonomicad a> regard^ ^iKith 
present <*ffort and future applicaliility%, ^ 

As was stated, at tlu* outs<d. this suggt^te<l procedure reaches 
beyond the <iuostions of economy of learning and application — c‘on- 
t rolling though these hero are — to the question of content. The pro- 
cedure liere contenii)!ated makes definite dennind for an appropriate 
inirodtictorv coTiteiit. To woi*k' along this liiu* there he tnade a 
selection of conceptions and processes which can sm vc Uio j)upils as 
instruments to the nltaininent of the ends set before them in the proj- 
ects or problems upon whidi they are at work. This instniiiienUl 
character becomes then the essential factor in any intrcKhictory 
coui’sc. It is these instrumental needs and not logical " intercon- 
nect(Hlnes.s which must giv^, unity to such n course. A content thufi 
instrumentally .selected will, on the one liaml, Ik* free of the old 
formal puzzles, the complex iustnnreis, the vorbah problems which in 
the past have wasted so imich fiinc and destroyed so much potentiiU 
int<*re.st: and will, on the other, run acn».ss the divisions heretofore"' 
.separating algi'bra, geonu^v, and trigonometry. 

A.distinct advantage in the pi'ocodure here suggested i> thelxqter 
promise it holds out niMing iit (me intnKluctory course the neqds 
of both those who will go on to udvanccKl study in mathematical lin^ 
and those who will not. Where the basis of selection and pitK^e^lm^^ 
is just rumen tal, all can Ix'gin togetlmr. Tlie^ future specializei*s in 
mathematics will as the conr.se! promnls take iucrejtsing ijitere.st in 
the matliematical relationships involved and will stress this ajB|)ectin , 
their individual problems and projects. ThoM? whose tastes *an4 
aptitudes lead them elsewhere will in the lueunwlnle have had tiie 
opportunity to Icam in practical situations soiuo of the inatheinatical'^ 

. concepti^ and pi-oces.sea whitjll they will later use in their own chosen, 
fields. Their individual projects in4he course can serv/welLaa con* 
rfectiiig links, between the mathematics taught and tlieir .later 'field 
of v6cational application. , ^ ^ 

.^fter the introdQj^ry course ha^ ];>een coinpl$i^«^ and dille£^|j^y 
ation begun^ the klooie^prmciplesstiiH bold^ though in the difeo^t^ 




m 
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fields., Tliose wlio have chosen to continue the study of matlieiiiatics 
as such will find their problems or projects within tlie field <?f 
^ niathematies itself, quite likely examining 'anew in the light of wider 
acquaintance assumptions freely made in the earlier period. Eu- 
clid ^ system of axioms and postulates might here receive its first 
careful consideration. Those who had elected to piei^re»for engi- 
neering and the like might continue to^nd their niatliAiatics in eon- 
uection with problems or projects devoted Dow pa^icularly to a 
.preliminary engineering content. Conceptions asnalLy reserved for 
wllege analytics and calculus — if not indeed already used in the 
introductory coiirsc^-an well have a place here. Their rich in- 
stniinental charactw will justify their pieKMice, eyen if thev lack 
somewhat in relationship to a fully, devclojred logical system. 

2. The serc-al need» for maihematic»—\\mw^ the multiplicity of 
specific occasions for hsiug mathematics and among the various (ypc.s 
of .subject mattei-, there are certain possi'nle groupings which promise 
aid in the <leterniinatioii of the mathematical courses. 

A\itliout ini[)lying the. jwssihility always of sharp diffei’eiitiation, 
We may distingui.sh in the realm of mathematical knowledge (ij 
those items tile inuiiediate u.se of w’liich involve a ininimnm of thinl^- 
ing, ttSj for exauqrle, adding a colu'mn of figure.s, and (ii) those item-, 
whichlrre prinmrily us(?d as notions oi' ronct'pts in.tjie flirt hei nnee of 
thinking. It is clear tlmt the distinction here is of the way in which 
the knowknlge is used and not of the knowledge itself; for any item 
pf knowledge might at q;ie time serve one function and at anotlier 
time tlie other. It would still remain tma^Jiowever, that certain 
groups of people might have characteewf^^ly different needs along 
the two lines. Under the first head we shoidd include the mechanic's 
nso of ir fornudu, the surveyor's use of his tables, the .statistician's 
finding of the qnartile. The man in the street would call this tho 
“practical” nse of mathematics. Under the other head we should in- 
clude the intelligent reader's use of mathematical language by which 
he would understand an account of Kepler’s three famotis law.s. 
Some may wish to call this tho “cuHirral” use of mathematics. Tho 
feimi "interpretative” might, however, more exactly express the dif- 
ferentiating idea? 

.We may next aslt whether tliere are differentiable groups among/ 
,4igh-t<chool pupils wlio.se probable destinations or. activitie.s deter- 
--^ne within reasonable limits tho exfent and type of their future 
iUAtheniatical needs. In a democracy like onrs,’ questions of prol>- 
^ble dfetinotion are of tiourSe very diffidult. There must-be no 
perpetuation ojE economic and cultural differences; and 
.effort must bo made to keep wide open the door of .further 
..ikoso who may .later change their minds. But differ- 
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offerings on the one li.-uul and of individual^ditforonws on the otheT, 
such choice? must i)e made. Properly sufop^uai'dod hv an intelligent 
effort to adopt social demands to individual taste and aptitude, these 
choice.? should work to the advantage l>oth of the individual and of 
the 'groii|>. The coiiiinittee considers that four gionps of users of | 
matheiuatics nniy be distingiiislied ; j- 

(a^) T-lie gtMieral readci's. w1k> will lind tiieii' use iiiatlunnatics 
beyond aiillnnetir confined largely to the interpretative function 
desciibed above. 


(A) Tho.se who.s<' work in certain trades will inake limited, but 
still siwific. (leniand for the " practical" luse. of inathenmtick 

(c) TTiosc' whose pi-actical work ns engineers <ir as stiuhmts of 
certain .sciences leq^iires coiisiderablc.know ledge of mathcinatics. 

(f/) TTiose who specialize in .the study of inatheinatics with a 
view either to research or to teaching or to the meie satisfaction of 
extended .study in the subject. 

It IS at once evident that these groups are not sharply marked off 
from each other; and that the needs of the first group are .shared 
by the othei-s It is, moreover, true that the •‘general readers’" 
represent liVidc range of interest. The committee has taken aU 
the.se things into account, and still helieves that the division here 
made will prove of .substantial utility in arranging the offerings of 
high-school mathematics. 

:t. cohoTi.— Out of the conflict of topie.s for a plare in 

the pi-ogram t here emerges one •general principle, already .suggested 
in thesi' pages, which is Imiiig increasingly a< cepled for guidance by 
Ptudents of education. In briefest .negiiti\e terms: A’o Uen shall he 
retained for amj specific group of pupih unlrss. in- relation to 
other iteiOM and to time involved, its {prohahle.) value can he. shovett. 
So statwl the principle .seems a truism, hut projicrly applied it 
;>ro\es a giim pruning hook to the dead liinhs of tradition. A 
final method of ascertaining such couiparativo •VrIuCvS remains to be 
worked <\ut; but the feasibility of a reasonable applicathm of thV 
principle will hardly be denied. In accordance with tj^, many 
topics once common have been dropped from the curriculum and 
more are markeil to go. Thus our better practice has ceased to in- 
clude the Kiiclidian method of finding the H, C. F.. because .the, 
knowledge of this method Ls nowhere 'serviceable in life: and in 
secondary algebra itself little if anything- else depeiufe. on it In*^ 
deed, the II i\ F. itself might well go, a.s it is msed almost exclusively: 
in simplifying fractions made for- the purpose. 

In a full discussion, many tenns of the statement would need ec^ l 
sideration. What constitiitra value is probably the poin^ where 1150^'“ 
questioning would nn», The committee takes; Uiis terid>in 
brbadest 8^,’sp^ifitelly deny^^ to a “ bread 
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ter’' basis or other inero niateriiil utility, though affirming that re-' 
miiuerative eniployniont is normally a worthy part of the woilhy 
life. Whjit the statement then in fact demands is (i) that the value 
of the topic be not a^mere assumption— a ])ositive case nuist be made 
Qut; and (ii) that the value of the topic so shown be sufficiently great 
in relation to other topics and to the eloment of cost (as regartls 
time, lalwr^money outlay, etc.) tc^ywarrant its inclusion in the ciir- 
' riculum. 

This principle of exclusion seems csj)ccially applicable to those 
items which now remain merely as a heritage from the past and to 
those which liave heen introduced mainly to romul out the subject or 
Mvhei'e the unity of the subject matter has been found in the con- 
tent itself and not in the relation of the content to the needs of the 
pupil. - 

, offering such a principle for gui<liiiice, tin* committee c(nusiders 
That it is merely stating explicitly what has been implicitly assumed 
in all such contr(>vei*hios. The coininittoe none the less Ixdieves that 
conscious insistence on the point is necessary in order to disclosi*' 
whatever indefensible elements may lx* in our j>iTsent ])n)gi’ani of 
Judies. 

4. Formal disclpUncr—X full discussion of this (*pic. of course, 
is impossible 'within the limits of this paper. Such a disemssion is, 
moreover, for our purpose unnecessary, because w * shall wish t<» 
use only the most general conclusion, in which the e is substantial 
concurrence. We can thus avoid the niceties of elaboration, about 
•which agreement has not yet been reached. The dder doctrine as- 
sumed uncritically a very high degree of what we now cull ‘‘ general 
transfer” of training. Modern investigation, to f peak generally, re- 
stricts very considerably .the amount of transfer which may reason- 
ably be expected, and inquires strictly into the conditions of transfer. 
Under the older doctrine it was a sufficient justification for the re- 
.quiring of any subject that pupils should gain tlmmgh it increased 
ability in the ute of any important “faculty,” because increasii 
in ability was naively assumed to mean an increase in the equally 
naively assumed faculty it^lf and would accordingly bo effective 
wherever the faculty was ui^d. Asi|hipils show such an increase of 
ability in one or more “ faculties ” by the simple fact of learning any 
_ new subject, the wnvcnience of this older doctrine for nirriculum 
. defense is erident. When this old psychological doctrine was fii-st 
called in question by scientific measurehient, the idea gained popular ^ 
currency that all transfer was denied. No auch claim has serious sup- 
ITie ^ychologistS) however, havei so far found it difficult to 
up<m any final rituation as to the amount of transfer which in 
paiiictdar situation may^^ a priori expected* All agr^, none 
in; qW claim KoA m to thh 'aihoun^^ . 
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as to the geneiulity of conditions under wl^icli transfer may be ex- 
pected. In accordance with tlieso considerations the committee his 
not used the factor of ‘‘formal discipline” in determining the con- 
tent of the matheuiatical courses to be recommended in this I'eport. 

5. The n€cd<y of the sevciYil groups , — With these several princi- 
})les and factors before ns, we arc now i*cady to consider nioi-o fully 
the needs of the several groups of users as distinguished above. 
We are pnrticukidy concenicd to ask wlicther or not their respective 
group needs are compatiblo. with one introductory course to be 
taken in common; and if ‘yes, when the difTerentiation from such 
a common course should begin. 

(1) 7'he general readers /'^ — Tins group will need to tise in 

‘‘practical” fashic^but little of inatheinatics other than ordinary 
arithmetic. As general readers, however, they will still require a 
c^ertain acquaintance with mathematical language and concepts. 
Just what terms, symbols, and concepts would meet the ixMjuirements 
of this group will have. to be determined by extensive inductive 
studies. Assuming, however, ordinary arithmetic and mensuration, 
some items can Ix) at once named as fairly certain to be included: 
How to interpret ami evaluate a simple literal fonitnla; the mean- 
ing and use of an algebraic eqnatiou of one unknown: tlie notion 
and use of negative nmnlxirs in such ‘simple cases as temperature, 
latitude, and stock tluctuations; the simpler conception of space 
relations (imlucljvely obtaincnl) ; the notion of function (the dei>end- 
encr of one quantity upon another) : the grapli as a means of inter- 
preting statistical information, with such ^rms^ius average and 
median. « 

(2) The group preparing for cerietin Under this head 

the coniinittee would group those whose use of “practical” mathe- 
matics is, while geJicrally quite definite, still relatively small — .such, 
fqr exainple, as nmchinisls, plumberei sheet-metal workers, .and the 
like; The general run of the need here contemplated cau be gath- 
ered from the requirements laid down for machinists in one of the 
more recent vocational snrveyrt-“simple equatioirs, use of formulas, 
nieasureincnt of angles, m-jasurements of areas and volumes, square 
i-oot, ^making and reading of graphs, solution of right triangles, 
geometry of the circle. Much practice ^ppdd of course be ixecessary 
to niake even this small amount of mathematics function adequately. 

It is at once evident that if no more nfgehra is needed than formu- 
las, aimplo equations and the graph, and no more geometiy than is. 
-here suggested, then the otdinaiy high-scheol courses in these sub- 
ject^ are but ill-adapted to the needs of such pupils. It woeld secin 
to follow that this group of pupils has no need to follow courses ^ 
mathematics other than (i) arithmetic, (ii) 4he 
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(introductory) mathematics iliscussed above, and (iii) the special 
applications of these to the si>ecific subject matter of their several 
specializations. 

This group might then ^vell study in coiniiion with the preceding 
until the completion of the work there laid out. The presentation 
of this common coin*se along the lines pi'eviously laid down (p. 11) 
would well harmonize the some>vhat diverse interests of the two 
groups. What little additional content and whatever practice in 
specialized application this second group might need could then be 
given citlier in a parallel or in a succeeding course (or courses) 
csi)ecially devised for that purpose. 

(8) The grovp preparing for engineering . — This group A ill con- 
sist mostly of boys intending to study iu engineering schools. In 
contrast with the two preceding groups, appreciably more mathe- 
matics is hero needed. In contrast with the following group, there 
are here specific aims external to mathematics itself which define and 
limit the mathematical knowledge and skill needed. Although 
recognizing that the individual teacher will require a certain leeway 
as n^gards content in getting his rlass otfoctively to work at any 
topic, wc inay still profitably ask as to the minimum content fixed 
for this group by its peculiar noed.s. 

The minimum mathematical content suitable foe the use of this 
group can probably best Ik» secured by working simultaneously along 
two lines: First, to ascertain inductively what mathematics the 
engineer needs (including experiment to find out. what part of this_ 
can best be taught in the secondary schooiy: second, to criticize the 
existing coiii'ses to sec. what they lack and Avhat. they include that is 
useless for this gi*oup. It is much to Ins hoped that necessiiry in- 
ductive studies and experiments along the first lino of procedure may 
be vigorously pushed. The sec'ond in important respects waits for 
the first, but it is possible from certain iuheient considerations at 
once to exclude some matter now castomaiily tauglit. 

Taking the customary high -school mat hematics ns a basis for coin- 
parisoh, we find at least tlueo principles of criteria for exclusion 
fixun the pieseut offerings: (ff) Exclude all those itoius wdiich nie 
not themselves to be directly used iu practical situations or which are 
not I'ensoimbly necessary to the intelligent mastery or use of such 
‘•practical*' i^nis; (ft) exclude all involved and complicated in- 
Rtances of otherwise useful topics or applicatuma) which do not serve 
to clarifj' the main point under consideration; (c) exclude all such 
proofs and discussions as do not in fact help, the pupil to ah intelli- 
ipcent use of the topic. It is probably correct to say tlu d these exclii* 
sictns relate, to material introduced from considerations of theory; 
rather than of intelligent practical mastery; from (onsidoratipns of 
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the pleasure Uiat theorizei-s (teachers mostly) get fi-om the study of 
mathematics rather Jhan from a conscious purpose to give that famil- 
iarity and grasjt which the future practical man will need. 

Under the head of (a) topics excluded as not needed in this group 
the conmiittee would mention such as the H. C. F. and the L. C. M. ; 
operations with literal coefficients (except for a few formulas) ; radi- 
cal equations; the theory of exponents, except the simplest opera- 
tions with fractional and negative exponents (these to I>e retained to 
■give meaning to logarithms and the slide rule) ; oixuations with ‘ 
imaginaries; cu^ root; proportion as a separate topic (the .simple 
ecpiation suffices for the progres.sions). 

Among (6) excluded comjdex applications might he mentioned the 
following; All lengthy exercises in multiplication ami division; fac- 
toring bi'yond the simple.st instances of the, four forms (i) ax-|-ay. 
(ii) a-— b=, (iii) a--t-2ab-fb% (iv) x^+ (a+b) x+ab;all but the .sim- 
plest fractional forms (the more coin|;)licated ai*e in fact given to 
illustrate factoring) ; all radicals beyond y„b and simulta- 

Aieous (spiatioiis of more than two unknowns; simultaneous quad- 
ratics (except possibly a quadratic iu>d a linear) ; the <-lock, hare and 
hounds, and courier problems and the like; the extended formal dem- 
onstrative geometry of our (trdinary schools; pio-st trigonometry be- 
yoml the use of sine, cosine, and tangent in triangle work, 

(c) Pr<x)fs cxchule^l or deferred are lyostly ciived for in (a) and 
(6). The chief instance.s in the past (too often yet remaining for 
the “ spccializers ”) have been the di.stiiictioii iH-tween negative quan- 
tifies and negative nnmhcrs, the (siii)poscdly) rigoroms generalizing 
of a™Xa"-'"'", the. jtioof of too evident propositions in geometry, 
the, inconimen.smable cases in geometry, the gencr.il proof of sin 

(x+y). 

It may bti incntioned in this connection that teachers of mathematics 
from arithmetic onward only too frequently deceive themselves as 
to the place that the presentation of a rigorously logical proof -plays 
in bringing conviction. The, worth of a sense of logical "cogency 
can hardly be overestimated; but. we who teach not infrequently . 
ovcneach ours<>lves in our zeal for it. The tea<;her of introductory* 
mathematics can weHtaHe lessons fix)m the laboratory, where careful 
nieasurenieiit repeatetl muler niany different condition.s will brihg a 
conviotion often otherwise unknown to the pupil who is not gifted 
in abstract thinking. Probably in most instances an inductively 
TeacliMl conviction is the best provocative of an apiietite form yj|t 
more thoroughgoing proof. . 

Everything so faf""points to one common introductory course. 
With this grqup as with the preceding, the pohat df differeoitiation ^ . 
\^Id seem to come at the end of 4he iiSitorgretstiTe cou^ RtH | 
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^noiip should proceed further iu cunnnon with the fourth group (of j 
specializers), we later consider further in common with the fourth 
group. 

» (4) Ihe (jroui* of Kpecklherx, — Tlu> group will include those 
pupils, both hovs and girls, who '' like mathematics. While these 
l»e.st of all could contii)ue to work with the present offerings, the con- 
siderations urged under tlie discussion on presentation suffice, in the. 
committee's opinion, to demand even for this group a far-reaching 
reoi’gauization of practically all of secondary mat hematics. 

Since we are here planning for those who specialize in inathc- 
malics. we are not called upon — after meeting tlu^ inttu’pretative 
need— to consider any external demands upon mathematics, but only 
such a selection and arrangement within the subject itself as best 
furthers the mathematirHl activity. Hitherto the arrangement 
within the course has been made, a> wc saw in the discussion on pres- 
entation, in answer to considerai ion^^^ratlier of “logical'' organiza- 
tion than of psychological oKpcricncing and growth. The results 
have not l>een satisfactory. Algebra, geometry, and. to a lesser de 
^ gree, trigonometry have 1 k*(mi treated as separate logical entities, 
with consecpient loss to the pupil of both interest .and power, Tlie 
committee thinks tliat tlu* selection ami oi’gauization should l>e made 
in tluj light of ex{)criment as to which conceptions do in fact prove 
.successively most strategic iu the pupils' continued appi'oach to 
^ mathematical power. The result would probably take a form some- 
what analogon.s to the “general science cour>e wliicli is now being 
worked out in that field. 

That thi,^ group should tak(* its iutroduciory work mi eoniinon with 
the othei-s }ms perhai)S been sufliciontly implied. The iutclUgont 
choice of a specialty could hardly precede the aettml ex|)cricncing of ^ 
taste and aptitude. How far beyond the common introductory courses 
this group should go iu comi)auy with the third (the preliminary t 
engineering) is not easy to say. In all but the largest scliools 
administrative considerations will probably keep the tw'o together in 
whatever. Tvork is offered. Where numbei*s and -funds suffice, differ- 
entiation may w’ell hogiii immediately upon the completion of the 
common introductory coui’se, according to considonttious already 
laid down. In that case the pi'eliminary engineering gi'oup w’buld 
get their mathematics moi'c ju terms of engineering content and sit- 
uations; those specializing in inathematic.s would get theii’s more 
: . directly iu terms of ^•pui‘e" matheinntic.s. The contents of such 
^ / coui'ses could well differ considerably, * ? 

0. Seheting fn<fthematical abtlUu.-^Ftom the noint of viow hntli ^ 
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expi-essed in nmthcmatical achievement and application is a indst 
powerful agency in advancing civilization. In order that society 
may profit by its available stock of mathematical ability, there ia 
urgent need of some process that shall disclose this ability. .Anal- 
ogous considerations demand that the. individual learn* by a less 
costly process than occupational trial what degree of probable sncces.s' 
he may e.\jx>ct from an occupation in which mathematical ability is 
an important factor. We, hope much from fuilher irsycdiological 
study in this field of disclosing specific abilitie.s, but*as matters now . 
stand the opportunity in the high school for trial of mathematical 
.success and liking is at least one important part in the, disclosing 
of math««nHtienl ability. This factor must be taken ii)(o account in 
arjMuging the introductory work in mathematics. ^ 

IV. SUGGESTIONS .\S TO COURSES. 

Each valid considerajlion in the foregoing discussion should have 
its effect in the resulting determination of the matliematie.s courses. 
Eonsidywlioiis of presentation demanded that we give ii)) the “log- 
ical ” ^ arrangeniont of subject matter, o.specially for introductory 
work, and find instead an organization based upon the successful at- 
tack of projects and problems in connection with which the pupils 
already have both knowledge and potential interest. Four groups of 
pupils judged by [irobablo destination showed four types of mathe- 
matical needs: (i) The '‘general i-eaders,” whose needs lie largely 
in the “interpretative” function of mathematics; (ii) those who, 
exj)ecting to enter trades, would have a small but still definite need 
for “practical ’ mathematics; (iii) those who, as prospective en- 
'gineers. would nee<l a considerable Jaody of content determined by the 
demands of engineering study and practice; (iv) those specializing in' 
mathcinatil^ who would wish a content determined by the satisfac- 
tions inherent in the activity and by the demands of further study. 
From considcratioiis of coiiipaiative values nothing slionld enter into 
the cinricnlum except as it ean .show probable value in relation to 
other topics and to time involved. “Formal discipline” was not 
considered by the committc>e iji determining the content of course 
to bo iH;commendcd. Care should be given that at an early sta^ 
mathematical taste and ability may be disclosed so as to aljow appro- 
priate choice of school work and occupational prepafhtion. It ' 
s^lpaed clear that a new introductory course should be offer^ which 
all the students should, normally, take in common. College ontrahee 
, considerations, except as inherently cared for above, arc deliberately 
disregarded. \ ■ 

With these demands before us, can an appropriate sbhooi pnic^iiret- 
l» devised and feasibly operated I ■ ' ‘ 
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The tn.sk certainly is gi^at. Nothin^f^ljprt of extended study and 
experimentation can meet the situation. The committee makes the 
following tentative suggtvstions as possible lines along which research 
and trial might prove ]>i‘ofitabIe. 

1. 77/f* H'ork of thi' jitoior htgli svh<wL~\\ .^etuiu") to the cOpimittee 
that the work of gnules 7. 8. and 0 should, in addition to whatever 
review of previous arithmetic may be necessary, include — , 

A. A body of processes ^lul conceptions coiunu)nl\‘ called arith- 
metic, where the stndy, however, is of social activities — trade or other- 
wise — which need inathcniatic.s. rather than of inathemrttical topics 
artificially ‘'motivated'* hy .social rclationshij)s. As a constituent 
part of these proces5^.s the coinniitt^e would include any* use of alge- 
bra or intuitive geometry within easy reach of the pupils which can 
prove its worth by actual service in common life oihside of the school. 

B. A body of-niathenmticul synilTols, concepts, information, and 
processes — commonly thought of ns belo^lging to algebra and geom- 
etry or beyond — which the intelligent gtuieral reader of high school 
or college standing»\vill need in order to inwt Hie demands of his 
social and intellectual life. As a ]>art of this content, it .seems safe to 
suggest the ordinary algebraic sj'nihols, the use of tiie formula, the 
simple equation, and the (statistical) graph. 

('. The opportunity for at least n preliminary testing of matlav 
niatical taste and aptrtiule.^ ^ 

D. Such additional content — ivlutiwiy ."luall in amount— as muy 
he needed to make effective the teacliing of the foregoing. 

^ The ap))ropriato contcmtjK^f parts A mVl B can be fixed only by a f 
carefully made inductive study of the demands ;is* they actually ex- , 
ist; the contents of parts (’ and I), only after . :,i;*»idcd experimentu: 
tion. The contents of B. ^C. and D. respectively, the committee 
judges to he in the descending order of .size and iinixirtance. Pemb 
ing tlie sedenlipo detennination of these several contents, the com- 
uijltw feels that a wide diversity of. offerings is to be welcomed iis * 
a sign of liealthy Vai^i(^ion likely to promote progi’e.ss. . "* 

Just what course groupings of the foregoing should^lK' made inusi 
likewise for some time a matter of experimentation. Some will. .. 
wiali to consider the whole three years' \\*ork as one. unity, the 
various items being presented in such connections among them- . 
aeh^ and wifh the situations of rtpplication aS good teaching may 
siigg^t. Others wilj wish to give A in grade 7, and devote grades 
8 and to an'extended treatment of B, Cj D. Stiirbthers will give * > 
two years to A, probably reducing the we^ly time allowance, and / ' 
in the ninth grade concentrate on B, C, D. " ■ / 

^ W* bare ghmoas for boitlna thut psjcboloilcal mtLf prove of material aaabtaB^ 

L' ta'thia ro^fiecttoa. v a o. . 

K . ' ' ■ . ’ * - .. ' 
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Especial attention is cjilletl to tlie to be made up of B, C, ami 

D (whether extending through one year or two). Tht. is the com- 
mon introdnctoi y course I'cf erred to many Himes in the^^>^ages. iC 
is assumed that as a rule all pupils would take it (or at least b^iii on . 
it), and that no further inutliematics would l>e riistomaril^v required ' 
for colh'ge ontrauce.^ 

' 2 , 1 nuft K. — Bor the giou])>« ol sinuTl but dotinite 

’‘practical use the <;ounnittoc judges that tlie foregoing will com- 
utonly suflico so tar as coiU’erns spiadfir mathematical content. In 
sonie^of the trade ciirriciiliims, however, it will he necc'^surv to pro- 
vide a speci lie course (or courses) in which siilli< icnr pract ice in the 
trade a])plication i:au he found. The more directly >uch cotirses can 
he connei'tcd with tlu‘ work of application the hetter. 

d. Prdi. 'huin/ Cfif/hticrhitjj^-Fin' the ]:>ivliminarv iuigineeriiig 
group there are, after the conuuOn introdtictorv course, stneral possi- 
bilities. One would bo to Iiave (his grou)) work ns hfcretoforo with the 


size ami income. Anuthoj* po.s.sibility would be to <H>nstruct a course. 
Kpccilically. for this group from a (unoful study of specific de- 
mands of their futuixi work (see pages 18 atul If) aBove). Such a 
content could tlien be given according U> (he principles of presenta- 
tion discussed earlier (see p. 11). Here again cx[)ori mentation will 
be nece&sary^ to develop an effective organization and ])roccdurc. 
Snell experimentation may l>e expected to show a wide range of va- 
riation— at the one extreme an apiiroximation to the old formal 
“logical”; at the other, an I'ffort to make alhnuithcnmtics temihing 
purely in^lcntal to other work. And again,. u wide diversity is at 
the first a®calthy indication/ 

>1. Fo 7‘ the specialism , — Where nuaibers and income warrant, 
theW, should l>o elective work during the grades l(), ll, and 12 for 
thos(\ specializing in umthcnuitics. There is m^eci, as previously! 
stated^^ reorganize tlio custoiuary offerings for these yeai*s in snehj 
way ak to displace a presentation based on classification for a pi‘e-1 
sentation>hased on cxpcnmentnlly determined conditions in growth, | 
in iutei*est\and .power, • t 

Sm?li a reWganizatioii will naturally run across tin* line.s of divi- 
sion hei^tohVe maintained, and .\y|ll probablx: anticipate ceiiain 
I conceptions am piocedures confthtid now to analytics ami calculus. 
iWliere the pr«iminary engineering group is include<I with this 

'Aoy pupil would o^conm be permitted to for «utraDc« credit ahj othc^r math«- 
I matictf be bad elected ki bU Mcoudary school. It Is, inoreoTer, probable tbat certain -My 

i MIImta rOUraMt niwm tn n*Mltm«n vmtl/l ■tWW'trv on n M,M.AnttiaUA bm 
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group it innv {ux>ve advisable to utilize to a considerable extent 
problenib and projects from the natural sciences to give a certaln^< 
desirable eoncreteness of thinking. This may well result, in iK^nefiC 
to all concei'ned. With progress in tlie work shonld come, however. ' 
for the gvpAf) of spccializers an increased interest in and desire for 
mathen^tucs on its own account. Such a reorganizacioh as Mip- 
gcsted al)Ovc tvould pitbably reduce in appreciable degree the quan- 
tity of formal demonstrative geometry, a result that the cbnnnittoe 
. anticipates witli equanimity. It seems j)robable that by suitable 
experiinenliition a new course can J >6 worked out whieli will prove 
more alluring to the pupil and at the same time furnisli a bettcp- 
introdnetion .to the further study of tlie ^ihjeet. \'arioii- etlorl- 
tending to e<)rrol)onite tliis lielief liave already been made IxUb in 
iliis country and abroad. ^ 

It may be asked whether all secondary K-lioob should try t(» make 
full offerings of th^courses| liere .suggested. The committee thifik.- 
not. It will expect that work .substantially equivalent to tliat here 
- suggested for tlie grades 7, 8, and 0 will everywhere be otfered : tiint 
the trade courses w*ill naturally be reMricted to trade curriculuius ; bill 
that the elective work for the senior liigli school may be restricted 
in small schools M'hero the income is not large*. ■ It >eems probable 
that tlio relative reduction attending electhe nmtbeniatics in the col- 
lege will extend itself sifnihuiy to the .secondary school. The nun 
mitlee in conclusion dejjrccatos the continued disposition ou the part 
of .some colleges unwisely to dictate the. contents of (’ouivse.s in 
'secondary schools. feels that such a usurpation of pbwer operates 
to prevent the secondary school from making the mosi intelligent 
adaptation of its work to the nqjcis of its pupils. 


